Bacteria propel themselves with the help of rotating helical flagella. They change their swimming direction during tumbling events in order to increase, for example, their supply of nutrients (chemotaxis). During tumbling a bacterial flagellum assumes different polymorphic states. Based on a continuum model for the motor-flagellum system, we demonstrate that a changing motor torque can initiate these polymorphic transformations. In particular, we investigate the run-and-stop tumble strategy of Rhodobacter sphaeroides which uses a coiled-to-normal transition in its single flagellum. We also show that torque reversal in single-flagellated Escherichia coli generates a normal-to-curly I transition as observed for tumbling E. coli that swim with a bundle of several flagella. DOI: 10.1103/PhysRevLett.110.158104 PACS numbers: 87.17.Jj, 87.10.Pq, 87.16.Qp, 87.85.St The bacterial flagellum, a long helical filament, is a masterpiece of nature's ingenuity. Its hollow tube is built from thousands of copies of a single protein called flagellin which assumes two states [1] [2] [3] . This design principle is sufficient to enable a total of 12 helical or polymorphic forms. Together with a rotary motor and the connecting hook, nature provides a unique propulsion system which inspires the construction of micro-and nanorobots [4, 5] moving at low Reynolds number [6] . This requires a thorough understanding of the system's biomechanics.
The bacterial flagellum, a long helical filament, is a masterpiece of nature's ingenuity. Its hollow tube is built from thousands of copies of a single protein called flagellin which assumes two states [1] [2] [3] . This design principle is sufficient to enable a total of 12 helical or polymorphic forms. Together with a rotary motor and the connecting hook, nature provides a unique propulsion system which inspires the construction of micro-and nanorobots [4, 5] moving at low Reynolds number [6] . This requires a thorough understanding of the system's biomechanics.
Bacteria such as Escherichia coli and Salmonella typhimurium propel themselves by rotating a bundle of such flagella [7] . When one of the driving motors reverses its sense of rotation, the attached flagellum leaves the bundle. It goes through a sequence of polymorphic forms while causing the bacterium to tumble. After about 0.1 s the motor switches back to the original sense of rotation and the flagellum rejoins the bundle in its normal form. The bacterium resumes its swimming path in a different direction in order to search, for example, for better food conditions, a strategy known as chemotaxis. Recent research clarified that hydrodynamic interactions are crucial for synchronizing rotating flagella and forming the flagellar bundle [8] [9] [10] [11] [12] [13] .
The different polymorphic forms were observed as response to external forces or torques [14] [15] [16] [17] [18] , but also under changing solvent conditions such as pH value, salinity, and temperature or in mutants [19] [20] [21] [22] . However, to date there is no theoretical model reproducing the polymorphic transitions triggered by the reversal of the driving motor torque when the bacterium tumbles.
The Letter provides such a model for this unresolved and important issue based on a continuum theory which is able to treat torque-induced polymorphic transitions and using parameters adjusted to the real system.
In contrast to E. coli and Salmonella, the single flagellated bacterium Rhodobacter sphaeroides uses a much simpler flagellar polymorphism. It follows a run-and-stop strategy for tumbling and thereby performs chemotaxis [17, [23] [24] [25] . We will investigate it first here. During swimming the flagellum assumes a right-handed normal form optimized for propelling the bacterium forward. Now, R. sphaeroides is able to switch off the rotary motor and the bacterium comes to a halt which can last for several seconds. The flagellum relaxes to a whiplike form referred to as open coiled. When the motor starts to rotate again, the flagellum returns into the normal form and the bacterium swims into a new random direction [17, [23] [24] [25] . A first modeling of R. sphaeroides was presented in Refs. [26, 27] .
Different theoretical approaches to model flagellar polymorphism exist [2, [28] [29] [30] [31] [32] [33] . Here we use a generalized Kirchhoff rod theory developed in Ref. [33] to describe force-induced polymorphic transitions [15] . We combine it with a coarse-grained approach for driving the flagellum by the motor torque which is transmitted to the flagellum by the flexible hook [34] . We briefly summarize the theory. We describe the filament by the space curve rðsÞ parametrized by arclength s. At each point on the filament, we attach the material frame fe 1 ; e 2 ; e 3 g, where t ¼ e 3 is the local tangent vector. The rotational strain vector transports the material frame along the filament, @ s e i ¼ Â e i . Its components determine the flagellar conformation via the local curvature ¼ [35, 36] . We choose the bending rigidity A ¼ 3:5 pN m 2 for Salmonella [15] and a twist-to-bend ratio À ¼ 0:7 [33] .
Following Ref. [33] , we assign to each polymorphic state with helical parameters n the Kirchhoff elastic free energy density and a ground state energy n . At each rotational strain , the polymorphic form with the lowest energy determines the resulting elastic free energy, f poly ðÞ ¼ min n ½fð; n Þ þ n . For the two helical states of R. sphaeroides, we illustrate f poly by a contour plot in Fig. 1 
Here, t is the local tangent vector. The anisotropic friction tensor is ultimately responsible for coupling rotation about the helical axis to translation and thereby creates the thrust force that pushes the bacterium forward [7] . For the friction coefficients per unit length, we choose adjusted values
À6 pNs [34] . As usual f th and m th are Gaussian stochastic variables with zero mean that obey the fluctuation-dissipation theorem. We discretize the Langevin equations and solve them numerically [33, 34] .
We introduce a model bacterium for R. sphaeroides where we mimic the cell body by a sphere of radius a ¼ 1 m at position r B . The filament is attached at the point r B þ ae on the surface, where e is a unit vector. We drive the filament by the motor torque M ¼ ÀMe, which in our coarse-grained hook model acts directly on the first material frame of the flagellum as explained in Ref. [34] . For positive M the flagellum rotates clockwise and the cell body counterclockwise, when viewed from behind. The spherical cell body moves with a velocity v ¼ F= T due to the thrust force F created by the rotating flagellum and it rotates with angular velocity ! ¼ ðMe þ ae Â FÞ= R . The translational and rotational friction coefficients are, respectively, T ¼ 6a and R ¼ 8a 3 . To avoid an overlap of the filament with the cell body, we use the repulsive soft-core potential U ¼ When R. sphaeroides swims, the rotating flagellum is in the normal form with curvature n ¼ 1:4 m À1 and torsion n ¼ 1:4 m À1 [23] . It is comparable to the normal flagellar form of E. coli but right-handed. The flagellum relaxes into the open coiled form when the motor torque is switched off. It has a curvature c ¼ 0:95 m À1 and a small pitch or torsion for which we assume c ¼ 0:1 m À1 [17] . Alternative values in Ref. [37] do not allow a torque-induced transition as discussed in the Supplemental Material [38] . We assume the Frenet frame to be the same for both forms and choose it as the material frame so that the helical parameters for normal and coiled state become n;c ¼ ð0; n;c ; n;c Þ. Since the coiled form is the ground state, we introduce a small energy density difference n ¼ 0:1 pN for the normal form [33] .
A torque-driven flagellum in its normal form is under compressive stress due to the generated thrust force [34] . Since the coiled form of R. sphaeroides has a small torsion, the thrust force is also small and the motor torque mainly twists the flagellum. It therefore expands and a coiled-tonormal transition becomes possible. To estimate the necessary torque, we argue as follows and refer details to the Supplemental Material [38] . The rotating filament experiences hydrodynamic friction such that the torque acting on the filament increases from zero at the free end towards the applied motor torque at the cell body. This results in a nonuniform deformation of the helical filament. We approximate the local deformation by calculating the uniform deformation of a helical spring with 1 ¼ 0 under an applied torque and force. Since here the compressive force is small, setting it to zero directly relates curvature 2 and torsion 3 to each other:
In Fig. 1 the resulting hyperbola is indicated in the 2 À 3 plane as a red line in the contour plot of the elastic free energy f poly . It intersects the energy barrier between both polymorphic states at a torque value M max , meaning that we expect a fast torque-induced polymorphic transition from the coiled to the normal state for torques M > M max . The minimal energy barrier lies on the line connecting both ground states. Locally, it is reached by a torque M min , which thus is the minimal torque to initiate a polymorphic transition. Both M min and M max follow from the constitutive relation for the torque in the Supplemental Material [38] . Indeed, in simulations we do not observe any normal state for M < M min while for M > M max a nearly complete coiled-to-normal transition occurs almost instantly. In between, the length of the normal form depends on the simulation time with a large variability indicating the importance of thermal fluctuations.
In Fig. 2 we study the dynamics of the polymorphic transition to understand the swimming and tumbling of R. sphaeroides. When we apply a motor torque M ¼ 4:5 pN m > M max at time t ¼ 0, the flagellum almost instantly switches into the normal state as observed in experiments and our model bacterium starts to swim. When we reduce the motor torque to zero, the bacterium stops and the filament relaxes slowly into the coiled state. Figure 2(b) shows the applied motor torque as a function of time in blue (thick blue line). It also illustrates the temporal evolution of the flagellar conformation by color-coding the polymorphic state along the filament (arclength s ¼ 0; . . . ; 10 m): white for the open coiled and gray for the normal state, respectively. In Fig. 2(a) we show special snapshots of the nonuniformly deformed flagellum (thick blue line) by plotting the local values for curvature 2 and torsion 3 along the filament in the contour plot of the elastic free energy.
In Fig. 2 (c) we show snapshots of the model bacterium during the polymorphic transition of the flagellum. At 5 ms a small part of the filament close to the cell body is already in the normal state [ Fig. 2(b) ]. The rest of the filament in the coiled state deforms without compressive stress as illustrated by the match of the blue filament (circles) and the red line in Fig. 2(a)(i) . During the coiled-to-normal transition the height of the flagellum increases drastically from 1 to 7 m. This means that the normal part of the flagellum expands into the remaining coiled conformation. Thus, at 25 ms, when the filament has completed its transition into the normal state (except for 10%), the flagellum is bent. A rough estimate for the transition time is given by the time n ' R 2 n L 2 ? =A % 10 ms a disturbance needs to spread over the whole filament [33, 39] , where we used the radius R n ¼ 0:35 m of the normal form. From t ¼ 25 to 100 ms, the filament relaxes to the straight helix. During this relaxation, the bacterium mainly reorients its swimming direction, it tumbles, as we demonstrate in the Supplemental Material [38] . We find a mean tumble angle of 35 . It decreases when the motor torque is switched on gradually. Tumbling is the least effective for a switching time of 25-50 ms, which is equal to the coiled-to-normal transition time. So the normal filament is less bent when the coiled-to-normal transition is completed. Typical tumble angles for E. coli are 68 [40] , for R. sphaeroides they are reported to be smaller than for E. coli [23] . Finally, both Figs. 2(a)(ii) and 2(b) show that at t ¼ 100 ms about 90% of the filament has transformed into the normal state. The free end stays in the coiled state since it is torque-free. However, this is not visible in the first picture of the filament in Fig. 2(d) .
Starting at t ¼ 100 ms, we reduce the motor torque to zero within 25 ms. Figure 2(d) shows snapshots during the normal-to-coiled transition. It starts from the free end from where the coiled form relaxes towards the cell body as observed in experiments [25] . However, compared to the coiled-to-normal transition, now the filament takes a different path as Fig. 2(a)(iii) illustrates. It crosses the energy barrier between both states where it is smallest and relaxes slowly into the coiled state during about 100 ms. The relaxation time decreases with barrier height and, hence, with increasing ground state energy n but also with increasing coherence length in f grad . A lower bound is the spreading time c ' R 2 c L 2 ? =A ¼ 80 ms of the coiled filament. Finally, we note that during this process the cell body is pulled backwards since the height of the helical state reduces drastically.
Flagella in tumbling E. coli or Salmonella go through several polymorphic forms [40] . We now investigate if our theory can describe such a process for the singleflagellated model bacterium. E. coli with just one flagellum have indeed been observed in experiments [40] . Each flagellum is made of 11 protofilaments, which exist in either the R or L state [1] [2] [3] . So 12 different helical forms of the flagellum are possible, which one labels by the number n R of R-state protofilaments. During tumbling of E. coli or Salmonella the filament transforms from the normal (n R ¼ 2) to the semicoiled (n R ¼ 4) and finally to the curly I (n R ¼ 5) form. We complement them by the coiled form (n R ¼ 3) which is situated between the normal and the semicoiled state. We take their respective curvatures n R and torsions n R from Calladine's formulas as given in Ref. [33] . Since the material frame is attached to the molecular structure, the Frenet frame (defined by curvature and torsion) successively rotates by an angle of ¼ 2=22 against the material frame when n R is increased by one. We explain details of this effect in the Supplemental Material [38] . For two polymorphic states we can neglect it; however, for four states it becomes important. Therefore, we use the rotational strain vector n R ¼ f n R sin½ð2 À n R Þ 11 ; n R cos½ð2 À n R Þ 11 ; n R g for the four helical ground states in agreement with experimental observations [41] . The sign of the twist angle is chosen such that in the tumbling phase the motor torque unwinds the normal form. As ground state energies we assume n R ¼ ðn R À 2Þ0:1 pN [33] .
We add here an additional hook-bending torque of the form Figure 3(a) shows the time protocol of the applied motor torque (red line) and the polymorphic form along the filament during our simulation. We rotate the filament in the normal state by a torque M ¼ À3:4 pN m, which is in good agreement with the motor torque of 3:6 pN m reported for E. coli in Ref. [7] . Then, within 15 ms we linearly increase M up to a value of þ3:4 m. When the torque reaches its maximum value, we observe a rapid transition of the filament into the curly I form of the bacterial flagellum. The snapshots of the filament in Fig. 3(b) at t ¼ 21 and 22 ms clearly show the region at the bottom where the helicity between the normal and curly I state changes its sign. The region then propagates to the tip of the filament. After 40 ms we reverse the motor torque again and the filament transforms back to the normal state. The two intermediate states, coiled and semicoiled, are only visible at the boundary between the normal and curly I form. On first sight our snapshots of the normalto-curly I transition look similar to experimental pictures in Ref. [40] . However, the small kink angle between the normal and curly I form visible at 26 ms in Fig. 3(b) is much more pronounced in experiments as a ''dogleg bend'' [14] . The flagellar polymorphism in E. coli is governed by a complex energy landscape determined, for example, by the ground state energies n R . In future work we hope to reproduce these dogleg bends by tuning the relevant parameters appropriately.
In conclusion, bacterial polymorphism is essential in the tumbling events of bacteria. Here we presented a continuum model of the bacterial flagellum, which is able to describe polymorphic transformations in response to an applied motor torque. Our approach successfully applies to the run-and-stop strategy of R. sphaeroides. It predicts a minimum motor torque needed for a fast coiled-to-normal transition and localizes the tumbling event when the bent flagellum relaxes to the straight helix. Details of our findings should be observable in an experiment.
Furthermore, we demonstrated a normal-to-curly I transition for a single-flagellated E. coli that is observed during tumbling of multiflagellated E. coli. Our approach is crucial for modeling and understanding the complete tumbling event of E. coli including flagellar bundling. It gives a striking example that biomechanical modeling helps to elucidate the sophisticated design principles of nature.
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